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Abstract
This paper deals with two conjectures made by Dobrynin and Kochetova on the minimum
and maximum values of the degree distance of a graph: one of them is proved (by showing that
K1; n−1 is the unique extremal graph) and the other one is disproved. ? 1999 Elsevier Science
B.V. All rights reserved.
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1. Introduction
Let Gn be the class of connected graphs of order n. For a graph G 2 Gn the distance
d(x; y) between vertices x and y is dened as the length of a shortest path between
them. The diameter of G, denoted by diam(G) is maxx;y d(x; y) for every G 2 Gn.
Kn; K1; n−1 and Pn will denote the complete graph, the star and the path with n vertices,
respectively. If graphs G and H are isomorphic we denote this by G = H . We shall
use the notation D(x) =
P
y2V (G) d(x; y) and D(G) =
P
x2V (G)D(x). Some extremal
results concerning D(G) were obtained in [3{5]. In some recent papers Dobrynin and
Kochetova [1] and Gutman [2] introduced a new graph invariant dened as follows:
for every vertex x its degree distance D0(x) is dened by D0(x) = d(x)D(x), where
d(x) is the degree of x and the degree distance of G by
D0(G) =
X
x2V (G)
D0(x) =
X
x2V (G)
d(x)D(x) =
1
2
X
x; y2V (G)
d(x; y)(d(x) + d(y)):
Notice that topological indices and graph invariants based on the distances between
vertices of a graph are widely used for characterizing molecular graphs, establishing
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relationships between structure and properties of molecules, predicting biological ac-
tivity of chemical compounds, and making other chemical applications [6].
In the same paper Dobrynin and Kochetova made the following conjectures:
1. minG2Gn D
0(G) = 3n2 − 7n+ 4 and equality holds if and only if G = K1; n−1;
2. maxG2Gn D
0(G)=(3n4+44n3−36n2−32n)=96 for even n>16 and maxG2Gn D0(G)=
(3n4 + 44n3 − 42n2 + 52n− 57)=96 for odd n>15.
In the next section we shall prove Conjecture 1 and disprove Conjecture 2, by showing
that maxG2Gn D
0(G)>n4=27 + O(n3).
2. Main results
Theorem 2.1. For every n>2 we have
min
G2Gn
D0(G) = 3n2 − 7n+ 4
and the unique extremal graph is K1; n−1.
Proof. Since for n = 2 the property is trivial let n>3 and xi denote the number of
vertices of degree i of G 2Gn for every 16i6n − 1. It follows that
Pn−1
i=1 xi = n
and
Pn−1
i=1 i xi>2(n − 1). If d(v) = k then D(v)>k + 2(n − k − 1) = 2n − k − 2 and
consequently,
D0(G) =
X
v2V (G)
d(v)D(v)>
n−1X
k=1
k xk(2n− k − 2):
By denoting
F(x1; : : : ; xn−1) =
n−1X
k=1
k xk(2n− k − 2);
we will nd the minimum of F(x1; : : : ; xn−1) over all natural numbers x1; : : : ; xn−1>0
satisfying
Pn−1
i=1 xi = n and
Pn−1
i=1 ixi>2(n− 1). First, we shall prove that under these
conditions all systems (x1; : : : ; xn−1) of natural numbers reaching min F(x1; : : : ; xn−1)
must satisfy (i) and (ii) given below:
(i) x1 +   + xn−1 = n;
(ii) x1 + 2x2 +   + (n− 1)xn−1 = 2n− 2.
Indeed, suppose that x1 + 2x2 +    + (n − 1)xn−1> 2n − 2. It follows that there
exists a smallest index m, 26m6n− 1 such that xm> 0. We shall dene the system
(y1; : : : ; yn−1) such that ym−1 = xm−1 + 1, ym = xm − 1 and yi = xi for every i 6=
m− 1, m. We have Pn−1i=1 yi = n,
Pn−1
i=1 iyi =
Pn−1
i=1 ixi − 1>2n− 2 and F(x1; : : : ; xn−1)
− F(y1; : : : ; yn−1) = 2(n− m)− 1> 0.
Hence F cannot be minimum for systems (x1; : : : ; xn−1) for which
Pn−1
i=1 ixi > 2n−2.
Now, we shall use a \graphical" idea to conclude the proof. Since natural numbers
d1; : : : ; dn are the degrees of the vertices of a tree of order n if and only if
Pn
i=1 di =
2n − 2, we can consider that the numbers x1; : : : ; xn−1 are the multiplicities of the
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degrees 1; : : : ; n − 1 of the vertices of a tree T of order n and we shall denote also
F(T ) instead of F(x1; : : : ; xn−1). Hence the domain where F must be minimized is
dened by the multiplicities of the degrees 1; : : : ; n − 1 of the vertices of a tree T of
order n.
If T 6= K1; n−1, i.e., if (x1 : : : ; xn−1) 6= (n − 1; 0; : : : ; 0; 1) then diam(T )>3. Let z,
t 2 V (T ) such that d(z; t)=diam(T ). It follows that dT (z)=dT (t)=1 and denote by u
and v, u 6= v, the vertices adjacent with t and z, respectively. Suppose that dT (u)=m+p
and dT (v) = m, where m>2 and p>0.
Let T1 be the tree of order n dened in the following way: V (T1) = V (T ) and
E(T1) = E(T ) [ fzug n fzvg. By replacing T with T1 the degrees of u and v change:
dT2 (u)=m+p+1, dT2 (v)=m−1 and the degrees of n−2 vertices remain unchanged.
We get F(T ) − F(T1) = (m + p)xm+p(2n − 2 − (m + p)) + (m + p + 1)xm+p+1(2n
−2− (m+p+1))+(m−1)xm−1(2n−2− (m−1))+mxm(2n−2−m)− (m+p)(xm+p
−1)(2n−2− (m+p))− (m+p+1)(xm+p+1+1)(2n−2− (m+p+1))− (m−1)(xm−1
+ 1)(2n − 2 − (m − 1)) − m(xm − 1)(2n − 2 − m) = 2p + 2> 0 and F(T ) cannot be
minimum.
It follows that F(T ) is minimum only if T = K1; n−1, i.e., x1 = n − 1; x2 =    =
xn−2 = 0 and xn−1 = 1, when F(n − 1; 0; : : : ; 0; 1) = 3n2 − 7n + 4. By concluding,
min F(x1; : : : ; xn−1) = 3n2 − 7n + 4 and equality holds if and only if x1 = n − 1,
x2 =   = xn−2 = 0 and xn−1 = 1, i.e., G = K1; n−1 since D0(K1; n−1)= 3n2− 7n+4.
In [1] it was conjectured that maxG2Gn D
0(G) = n4=32 + O(n3). The following esti-
mation disproves this assertion as n!1:
Lemma 2.2. The following inequalities hold:
n4
27
+ O(n3)6max
G2Gn
D0(G)6
2n4
27
+ O(n3):
Proof. Lower bound. Let H be a graph of order n consisting of three pairwise vertex-
disjoint graphs H1, H2 and H3 such that H1; H2 = Kbn=3c and H3 = Pn−2bn=3c is a
path having extremities x and y; x is adjacent with a vertex of H1 and y is adja-
cent with a vertex of H2. For every vertex u 2 V (H1) we get D(u) = n2=6 + O(n),
hence D0(u) = d(u)D(u) = n3=18 + O(n2). The same equality holds for every ver-
tex v 2 V (H2) and D0(w) = O(n2) for every vertex w 2 H3, which imply that
D0(H) = n4=27 + O(n3).
It follows that the graph G described in [1] which is obtained by joining a complete
graph and a path cannot be extremal relatively to D0(G) as n!1. Even for n= 15
the graph G claimed as extremal consists of P6 joined by an extremity with a vertex
of K9 and it has D0(G)=3038. If we dene the graph F consisting of pairwise disjoint
graphs K5, P4 and K6 such that one extremity of P4 is adjacent with a vertex of K5
and another with a vertex of K6 we get D0(F) = 3118>D0(G), which contradicts
the optimality of G.
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Upper bound. Let x 2 V (G) such that d(x) = k − 1. It follows that
D(x)6k − 1 + 2 + 3 +   + n− k + 1 = 12(n2 − 2nk + 3n+ k2 − k − 2);
hence D0(x) = d(x)D(x)6f(k), where f(k) = 12 (k − 1)(n2 − 2nk + 3n+ k2 − k − 2).
For 16k6n − 1 the function f(k) has a maximum equal to 2n3=27 + O(n2) for
k = n=3 + O(1), hence maxG2Gn D
0(G)62n4=27 + O(n3).
Notice that for a graph consisting of Kbn=3c and a path Pd2n=3e joined by an extremity
with a vertex of Kbn=3c we have D0(x)=2n3=27+O(n2) for every vertex x 2 V (Kbn=3c).
We conjecture that the lower bound is the correct estimation:
Conjecture 1. One has
max
G2Gn
D0(G) =
n4
27
+ O(n3):
Lemma 2.3. Let x; y be two vertices of a connected graph G of order n such that
d(x; y)>3. Then
D0(x) + D0(y)6
n3
8
+ O(n2)
and the bound is tight.
Proof. Let G 2 Gn and x; y 2 V (G) such that d(x) = k and d(y) = l. If d(x; y)>3
it follows that x and y have disjoint sets of neighbours, or N (x) \ N (y) = ;, where
N (x) denotes the set of neighbours of x. Let Lxz be a shortest path joining x to another
vertex z, of length equal to ecc(x). One deduces that k − 1 vertices from N (x) do not
belong to Lxz; also at most three vertices from fyg [ N (y) are on Lxz. It follows that
at least (k − 1)+ (l− 2)= k + l− 3 vertices of V (G) are missing on Lxz. This implies
that the length of Lxz is at most n−1−(k+l−3)=n−k−l+2, or ecc(x)6n−k−l+2.
In a similar manner one gets ecc(y)6n− k − l+ 2. Hence
D0(x) = d(x)D(x)6k(k+2+3 +   + (n−k−l+1)+(l−1)(n−k−l+2))
and
D0(y)6l(l+ 2 + 3 +   + (n− k − l+ 1) + (k − 1)(n− k − l+ 2)):
It follows that
D0(x) + D0(y)6 12 (k + l)(n− k − l)2 + 2kl(n− k − l) + O(n2):
By denoting E(k; l) = 12 (k + l)(n− k − l)2 + 2kl(n− k − l) we obtain
E(k; l) = 12 (n− k − l)(n(k + l)− (k − l)2)6
n
2
(n− k − l)(k + l);
since (k−l)2>0. Because (n−k−l)+(k+l)=n it follows that (n−k−l)(k+l)6n2=4,
hence E(k; l)6n3=8, thus implying
D0(x) + D0(y)6
n3
8
+ O(n2):
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This bound is reached for a graph G 2 Gn consisting of two vertex disjoint complete
subgraphs G1 and G2, each isomorphic to Kbn=4c and a path Pn−2bn=4c, such that one
extremity of Pn−2bn=4c is adjacent with a vertex of G1 and another is adjacent with a
vertex of G2.
In this case if x 2 V (G1) then D0(x)=n3=16+O(n2); it remains to choose y 2 V (G2)
and we get D0(x) + D0(y) = n3=8 + O(n2).
In the class of trees of order n the maximum value of the degree distance of a graph
is reached only for paths; this is an easy consequence of a result in [2]:
Corollary 2.4. If T is a tree of order n then
D0(T )6
n(n− 1)(2n− 1)
3
and equality holds if and only if T = Pn.
Proof. In [2] it is shown that if T is a tree on n vertices, then D0(T )=2D(T )−n(n−1)
and it is well known that D(Pn) = 13n(n
2 − 1) is the maximum D-value among all
connected graphs of order n.
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